Abstract: This paper integrates the long-run covariance between aggregate consumption and firm earnings into the stock valuation process. After assuming that firms adjust their dividend payments toward a target dividend payout ratio, we use the intertemporal framework of the consumption capital asset pricing model (CCAPM) to explore the effect of systematic earnings risks on intrinsic stock values. Our main results show that the equilibrium price of a stock is positively related to its long-run earnings growth rate, and negatively related to its earnings-consumption beta, obtained from its long-run covariance between earnings growth and aggregate consumption growth. This suggests that long-run risk measured with earnings affects the theoretical value of a firm. Overall, our work suggests that the long-run concept of risk, using accounting earnings, represents an appropriate parameter for estimating the equity value of a firm.
Introduction
According to Nekrasov and Shroff (2009) , measurement of risk is perhaps the singlemost difficult task in valuing a security. In addition, according to the authors, if firm value is determined by fundamental variables such as earnings, then it would make sense to measure risk directly from fundamentals. These points of view are consistent with considerable research establishing the empirical or theoretical relation between accounting variables and market risk. For example, Beaver et al. (1970) find a significant correlation between standard market betas and accounting betas. 1 Beaver and Manegold (1975) reveal a noteworthy association between market and accounting betas as measured under a variety of specifications. Ismail and Kim (1989) confirm prior findings about the significant relation between market betas and earnings betas, using four different accounting return variables. 2 Karels and Sackley (1993) examine the statistical relationship between market and accounting betas in the U.S. banking industry. Their results indicate that the accounting betas are correlated with their market counterparts at levels similar to other (non-banking) studies. Baginski and Wahlen (2003) show that accounting betas are significantly positively related to the priced risk premiums in univariate regressions, but provide only limited explanatory power. Nekrasov and Shroff (2009) use the residual income valuation model to analytically derive a simple risk adjustment that equals the covariance between a firm's return on book equity (ROE) and economy-wide risk factors. Overall, their empirical results validate their fundamental accounting risk measures.
In a recent paper, Da (2009) proposes a novel way to estimate systematic risk, using, exclusively, long-run accounting earnings and aggregate consumption data. More precisely, the author proposes that the covariance between long-run accounting return and long-run aggregate consumption represents an appropriate empirical measure of risk. His results show that this measure of risk explains 58% of the crosssectional variation in risk premia. If we add a duration measure, the model explains Indeed, following the traditional models of Gordon (1962) , Basu (1977) and , many other extension models have been proposed to estimate the value of a stock. Examples include Feltham and Ohlson (1999) , Pastor and Veronesi (2003) , Bakshi and Chen (2005) , Dong and Hirshleifer (2005) , Yee (2008 Yee ( , 2010 , and Hurley (2013) , in addition to Bergeron (2013 Bergeron ( -A, 2013 .
Nevertheless, none of these above-mentioned works develop a theoretical stock valuation model that explicitly integrates the long-run covariance between earnings growth and aggregate consumption growth, directly into the intrinsic value. In this sense, we can argue that the motivation of the present paper comes from the following observations: (1) the success of the recent concept of long-run risk; (2) the empirical success of the long-run covariance between earnings and consumption, as 
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The development of our model involves the following steps. First, we characterise the hypothetical economy, using the intertemporal equilibrium framework of the consumption capital asset pricing model (CCAPM) of , Lucas (1978) and Breeden (1979) . Then, we show, under certain conditions, that earnings and stock prices are perfectly cointegrated and that random future prices and earnings are directly and stochastically related. Next, we demonstrate that a stock's earnings growth is positively related to its long-run covariance between earnings and aggregate consumption. Finally, we isolate the equilibrium stock price from the above relationship.
In this manner, we show that the intrinsic value of a stock is positively related to its long-run earnings growth rate, and negatively related to its earningsconsumption beta, measured by the long-run covariance between the earnings growth rate of the stock and the long-run growth rate of the aggregate consumption, divided by the long-run growth rate of the aggregate consumption.
Thereby, the main contribution of the model is to demonstrate that earningsconsumption betas affect firm theoretical values. In addition, our work suggests that the earnings-consumption beta represents an appropriate measure of risk (on the longrun). Moreover, it supports the use accounting variables for estimating risk. Besides, it reveals that expected earnings growth rates should be positively related to risk, in theory.
The remainder of this paper is organised as follows. Section 2 presents the intertemporal equilibrium framework. Section 3 derives the intrinsic value of a stock, using earnings and aggregate consumption. Section 4 concludes.
2
The intertemporal equilibrium framework Following Bergeron (2013-B, p. 187 , and others before), our model's intertemporal equilibrium framework considers a hypothetical economy, in which the representative investor maximises the time-separable utility function: The solution to this problem, given by the first order necessary conditions, can be used to show that the price of stock i, at time t, it P , equals:
where
, and where the premium represents a derivative of a function.
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The right-hand side of Equation (2) corresponds to the present value of all future cash flows (dividends), where the stochastic discount factor is equivalent to the intertemporal marginal rate of substitution between t and s t  (
. With this notation, the equilibrium price of a stock becomes:
Recursively, Equation (3) can be expressed for a single period (between t and t+1), in the following manner (see Cochrane, 2005, p. 27 
where 1 ,  t i P represents the price of stock i at time t+1, given the available information at time t. Moreover, since it P is nonzero, and is known with the current information, it can thus be passed through the conditional expectation operator and divided on each side to indicate that: 
is the rate of return of the riskless asset between time t and t+1.
Equations (1) to (6) are well known. In the following section, we will combine these fundamental equilibrium conditions with earnings, to obtain a practical intrinsic value.
Earnings and stock prices
This section demonstrates that the equilibrium price of a stock is a function of its expected earnings growth rate, together with the covariance between its earnings and aggregate consumption. We begin by assuming that firms adjust their dividend payments toward a target dividend payout ratio. We then integrate earnings into the fundamental value of a long-lived asset to reveal that earnings and stock prices are cointegrated. Thereafter, we derive the intrinsic value of a stock using (first) the quadratic utility function, (second) the Taylor's expansion theorem, (third) the normal distribution, and (fourth) the linear process for earnings.
Quadratic utility function
The quadratic utility function is commonly used in finance (and economics). As Huang and Litzenberger (1988, p. 207 ) noted, explicit pricing formulae can be derived by assuming that the representative agent's utility function is quadratic. In addition, Huang and Litzenberger demonstrated that the risk-return relationship proposed by the canonical CCAPM can be easily derived using this simple utility function, which we also utilized in subsection 3.1.
Dividend payout ratio
Similarly to Bakshi and Chen (2005) and Dong Hirshleifer (2005), our valuation stock model focuses on earnings and begins by assuming that dividends relate to earnings according to:  is the usual residual random term associated to Equation (7) for
The second line of Equation (7) simply supposes that the usual random term, given the available information in time t, displays a zero mean value and a zero covariance with any other random variables. As Dong and Hirshleifer (2005) mentioned, this parameterisation is inspired by the classic survey of Lintner (1956) , which found that firms adjust toward a target dividend ratio. Thereby, integrating Equation (7) in Equation (3) indicates that:
The standard assumptions regarding the residual terms
 also indicate that:
( 9) As before, since the earnings value of stock i at time t, it X , is known given the available information at time t, it thus be passed through the conditional expectation operator of Equation (9), to exhibit:
or, if we assemble the elements of the summation term:
where variable it H is defined in this manner:
To simplify the notation, we can also express Equation (10b) in this compact form:
. Moreover, if the sequence of variables it H (t = 0, 1, 2, …, ∞) is independent and identically distributed (i.i.d.), then we can write: 
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Therefore, given the available information at time t, Equation (11) suggests that the future price of the stock and the corresponding earnings are stochastically related in the following manner:
Integrating Equations (7), (11) and (12) into the single period expression of the price of an asset, as formulated by Equation (4), allows us to write that:
and the standard assumption regarding the residual term, allows us to express that:
Dividing each side of Equation (14) by i it X  and , gives, after simple manipulations:
Rearranging also indicates that:
is the earnings growth rate of stock i, between time t and t+1
Equation (16) presents a particular form of the Euler equation, expressed with earnings. Taking the expectation on each side permits us to release the index t of the conditional operator, to reveals that:
In the same manner, taking the expectation on each of Equation (6), permits us to write:
Equation (17) minus Equation (18), gives, after simples manipulations, the following equality:
The mathematical definition of covariance indicates that:
From Equation (18), we have:
and the basic properties of mathematical covariance reveal, after simple manipulations, that:
Therefore, we can isolate the expected earnings growth rate of a stock, to show that equilibrium conditions predicate that:
To get an explicit pricing formula, we will now make a standard assumption on the individual utility function.
Utility function
We assume that the utility function of the representative investor is quadratic, which implies, more specifically, that:
, with b > 0, and
Integrating this specific utility function into Equation (23) shows that:
Using, again, the basic properties of covariance allows us to see that:
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Multiplying both sides of Equation (25) by t C , and rearranging, indicates that:
or, if we prefer (knowing that the covariance of a random variable with a constant is equal to zero): 
Rearranging, allows us to see that:
where Author's Final Version growth rate. It measures the sensitivity of a company's earnings to aggregate consumption (reflecting economic activity).
Equation (28) represents an equilibrium condition for one period. It could be extended over several periods, or, if we prefer, in the long run.
Many periods
In the long run, the relationship between the company's earnings growth rate and its sensitivity to aggregate consumption can be obtained by summing from time zero (t = 0) to time T-1 (t = T-1), that is to say:
or, if we prefer, by using the basic properties of the summation operator:
Multiplying by the scalar value  
. Dividing by T on each side of Equation (31) shows that:
where 
or if we prefer:
At time t = 0, Equation (11) indicates that:
; where the right hand side of the equality corresponds to the current price-earnings ratio of stock i. Therefore, we can write:
or, after manipulations:
In this manner, we can easily isolate the equilibrium price of a stock to obtain a simple formula, expressed with accounting earnings. This may be written as:
Equation (37) represents our main result. It shows that the equilibrium price of a stock depends on its current distributed earnings, expected earnings growth, and earnings-consumption beta. More precisely, Equation (37) reveals that the current equilibrium price of the stock is positively related to its current distributed earnings and its future earnings growth rate, and negatively related to its earnings-consumption beta, obtained from the long-run covariance between earnings and aggregate consumption.
Because the relationship between the price of the stock and its earningsconsumption beta is negative, the last parameter is viewed as a rightful measure of risk. 6 In this sense, the above stock price expression supports the use of fundamental variables (as earnings) for estimating risk.
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Author's Final Version From Equation (37), determining the intrinsic value of a stock requires the following steps: (1) establishing the economic exogenous variables (such as the rate of return of the riskless asset and the aggregate consumption growth rate), (2) observing the stock's current earnings distribution, and (3) estimating the stock's expected earnings growth rate and the stock's earnings-consumption beta. If the stock exhibits no covariance with aggregate consumption or no risk, then the determination of its intrinsic value is analogous to the classic constant growth model, with earnings. 7 Besides, if we accept that the earnings-consumption beta represents a measure of risk, then Equation (32) suggests that a company's expected earnings growth rate is positively related to risk (in the long run). This point of view is intuitively appealing. It is also consistent with classic studies on the association between accounting variables and risk, in its standard form. 8 Indeed, if we accept that growth in earnings arises from the return on new investment, and if we accept that return is positively related to risk, then we must accept that the earnings growth rate is positively related to risk.
9 Our contribution, with Equation (32), is to characterise this theoretical relationship with a long-run accounting risk measure.
The estimation of 
We can use the observable values of the market portfolio to facilitate the estimation of parameter  . Indeed, from Equation (35) we can write:
where the index m indicates the market. Thus, after simple manipulations, we have:
The last value simply refers to the earnings-price ratio of the entire market, which corresponds to the inverse of the popular price-earnings ratio. 10 So, if we estimate (for example) that: (1) the earnings-consumption beta of the market is equal to 1, (2) the riskless asset equals 6%, (3) the earnings growth rate of the market equals 5%, (4) the market distribution ratio equals 50%, and (5) the market price-earnings ratio equals 15, then we can propose that parameter  should be equal to 2.42%, as shown below;
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In this section we used the quadratic utility function, for the sake of simplicity. However, this restrictive assumption can be ignored, using the Taylor series expansion, as we will demonstrate in the next section.
Taylor series
According to Taylor's theorem, we can evaluate the function ) (x f y  around the point a in terms of its derivatives as follows:
When N is equal to 1, the Taylor series approximation indicates that:
Therefore, as Breeden et al. (1989, p. 233) observed, an approximation of the marginal rate of substitution (MRS) can be obtained from the first-order Taylor series. Indeed, around t C , we have:
Integrating Equation (40) into Equation (23) suggests that the expected earnings growth of a stock approaches the following value:
Using the basic properties of mathematical covariance, and then rearranging, indicates that:
Multiplying by Ct on each side of Equation (42) shows that:
. (43) Multiplying by ]
on each side of Equation (43) reveals that:
Here, the term RRA represents the relative risk aversion evaluated at Ct. Its value is necessarily positive, because the second derivative of the utility function must be negative, by construction, and the other values in the parameter must be positive. As a result, t ˆ is also positive (
), if we admit that the variance of a random variable and the risk-free rate of return are greater than zero, just as the parameter  .
Given this, if we replicate the derivation from Equation (28) to Equation (32), we get (ignoring the approximation):
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Normal distribution
According to Stein's lemma: if variable x and variable ỹ are bivariate normal, the function ) (x f is differentiable, and the expectation of
So, if we suppose that
X are bivariate normally distributed, then, from Equation (23), we can write that:
is equivalent to the following equality:
Again, using the basic properties of mathematical covariance, and then rearranging, we get:
on each side of Equation (50) indicates that:
Rearranging, one more time, allows us to see that:
where,
As before, we can easily prove that the parameter t  is positive (
Again, using Equations (28) to (32), we can write: derived previously, except that they do not refer to an approximation.
In the following section, we will conciliate the model's robustness using a linear assumption. Breeden et al. (1989, p. 233) , Bansal et al. (2005 , p. 1644 ), and Bergeron (2013 ) inspired this procedure (with earnings).
Linear function
We assume that the relationship between earnings and consumption growth rates is generated by the following linear function: 
Rearranging also allows us to write:
where ] , [ ) 1 ( 
where T 
